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Introduction

this report a singular perturbation problem for a linear partial
ferential equation of the elliptic type is studied. First, a short

cription of the problem is given.

1) €L2¢ + L1¢ = h(x’y)

a differential equation, where L2 is a linear, second order differential
rator and L, a linear, first order differential operator. Further, h(x,y)
a given function and € is a small positive parameter. We will suppose

t this equation holds in a bounded strictly convex domain G and that the
rator L2 is elliptic in G. Furthermore, we impose on ¢(x,y3e) the

dition that along the boundary I of G, ¢(x,y;e) assumes prescribed values
5 ) |

is well-known that for this type of singular perturbation problem the
mptotic approximation contains so-called "boundary-layer" terms, which
asymptotically equivalent to zero everywhere in G except for a small
ghbourhood of a part Fr of the boundary T'. In this neighbourhood the
ivatives of the boundary-layer terms in a direction normal to Pr behave

inverse powers of €.

know from [3], that an asymptotic approximation can be obtained by the
gular perturbation method. This approximation contains terms, which are
gular in both end points A and B of the part of Fr of the boundary.

refore, neighbourhoods of these points are excluded in constructing the

roximation.

is the aim of this paper to construct an approximation of ¢(x,y;e), which
miformly valid in the complete domain G. The proof of the uniform

idity of this approximation is given with the aid of a theorem of Eckhaus
De Jager [3]. This theorem was proved with the maximum principle for

iptic differential equationms.

>rder to analyse the behaviour of the function ¢(x,y;e) near A and B, a

10d of boundary-layer theory is applied, i.e. the coordinate stretching




schnique. However, instead of stretching only the coordinate in the direction
f the inner normal of Fr’ as is usually done in boundary-layer theory, both
1e normal coordinate and the coordinate, which is tangent to the boundary,

re stretched in A and B. It appears that two types of boundary layers near
(and B) exist, of which one seems to be unknown. We will call these

o>undary layers intermediate and interior boundary-layer.

ne interior boundary-layer contains the point A and the corresponding ex-
ansion satisfies the prescribed boundary values. The expansion in the inter-
sdiate boundary-layer matches the asymptotic approximation of ¢(x,y;e) given
n [3] (valid outside a neighbourhood of A), and the expansion in the

nterior boundary-layer as well.

n outline of such an approach has been given by Eckhaus [1]. We will
ontinue from his results and give a further development of this aspect of
ingular perturbation theory. For a comparable study of equation (1.1) in a
on-strictly convex and a non-convex domain, the reader is referred to

rasman [T] and Mauss [9], respectively.

he following publications deal with the problem in this report ,ViSik and
yusternik [5], Knowless and Messick [U4] and Eckhaus and De Jager [3].

n chapter 2 we study some local expansions of ¢(x,y;e) satisfying equation
1.1). Here we determine the terms of the several bouﬁdary—layer expansions.
n chapter 3 we show that an asymptotic approximation of ¢(x,y;e) exists,
hich is uniformly valid in G. Finally, in chapter I we consider the case

hat the order of tangency of the characteristics of L, to I' is higher than

1
ne. It turns out that the results of chapter 2 and 3 still hold, apart

rom some modifications.

ummarizing the results of this study we conclude that

. It is well-known that a boundary layer exists along a part Fr of the
oundary. It appears, however, that near the endpoints of Pr still other
oundary layers exist.

.  An asymptotic approximation of ¢(x,y;e), uniformly valid in G, is con-
tructed. Further, it is shown that the results of Frankena [6], who gave

stimates of the accuracy of such a uniform approximation, can be improved.




ocal asymptotic expansions

Introductory remarks

onsider the function ¢(x,y;€), satisfying a differential equation of

ptic type, i.e.

) Ly¢ = eLy¢ + L9 = h(x,y) in G,
e L1 and L2 denote the differential operators
3° 32 32
L, = a(x,y) —5 + 2b(x,y) 0y c(x,y) —5 +
ox oy
+alx,y) 4=+ e(x,y) 5= + £(x,y)
9 ax ] ay 9
_ 3
L1 = - 'é—; - g(X,Y).

the operator L, be elliptic, a(x,y) > 0 and g(x,y) - €f(x,y) > 0 in G,

let the coeffiiients a(x,y), ..., h(x,y) be continuously differentiable
o order 2m + 3 (m=0,1,2,...) in G. Moreover, we assume that G is a

ded strictly convex domain with a smooth boundary I', which has the

erty that its parametric representation with the arc length as para-

r is continuously differentiable up to order 2m + 6. At the boundary

y3€) satisfies the condition

~

ol = wix,y),

e P(x,y) is continuously differentiable up to order 2m + 3 for all

ts on I'. Without loss of generality, we may assume that the position
he domain G with regard to the x,y-coordinate system is as follows.

A and B be the points of the boundary I', where the characteristics of
the lines y = constant) are tangent to I'. We assume that A is on the

tive y-axis, see figure 1. In this chapter we deal with the case of

t order tangency in both A and B.




; the part of T at the left-hand side of A and B be T and the part at

1
> right-hand side Fr.

fig. 1

>blem (2.1), (2.2) belongs to the class of singular perturbation problems
PO <e << 1, It is well-known that an asymptotic approximation of ¢(x,y;€)
atains so called "boundary-layer" terms, which only contribute to the
proximation in a small neighbourhood of Fr. The approximation, given in
],does not hold in neighbourhoods of A and B. Our aim is to construct an

ymptotic approximation of ¢(x,y;e), which does have the desired property.

r that purpose, we introduce the p,6-coordinate system
.3) x = (r(6)-p) sin 6, y = (r(8)-p) cos 6,

ere 0 < 6 < 65 and 0 < p < p,, see figure 1. The constant e, is chosen

B
ch that, in a sufficiently small neighbourhood, the normals at the points
Fr do not intersect.

bstitution of (2.3) in (2.1) yields the differential equation
) Lob = e5,0 + 5,0 = h(p,0)

th




5 = D 32 + 2r'(6)p _ q 82 +
- 2 2 2 6)- 3690
27 (2(8)-0)2 36° [ (r(0)-p)2 T(O)-P
2 2 .
r'(60)°p r'(8)qg ) -q dcosb-esinb | 3
* 2~ r(e)- T 2t 27 T 1(0)-p N
r(6)-p) 3p (r(6)-p)
"(6)p-r'(6 +r (6 -esinb . d
4 4 r"(8)p-r (g)q _ pHr( )(ﬁgfpesm ) _ (dsinb+ecosd) e,
(r(8)-p)
cosf 23 r'(6)cosh . )
R - 4
5y = I:r(e)—p 30 r(6)-p ~ 59 3 gj’
2 . . 2
p=acos 6 ~2b sin 6 cos 6 + ¢ sin" 9,

q = (a-c) sin 26 + 2b cos 26,

a sin26 + 2b sin 6 cos 6 + ¢ cosge.

ct
L}

: the coefficients a, ..., h are functions of p and 6.

11ly, in singular perturbation theory a coordinate stretching technique
ipplied by means of the local transformation p = £e in order to compute
boundary-layer terms. We introduce a more general coordinate stretching

104 and define the local coordinates £,n by

ja)

©
L
U
™
"
<
|V
o
-

- H
ib) 0 = ne",

=
| v
o

:r substitution of (2.5) in (2.4) it turns out that ¢ depends on the

11 coordinates £,n and the parameter €. This dependence is local, be-

se € is assumed to be small; for v > 0, u = 0 it holds near Fr and for

0, u > 0 it holds near A. In figure 2, we show some degenerations, which

. appear to be important in the present problem.

;he following section we will construct four local expansions, which
sfy equation (2.L4), where (2.5) is substituted with the following values

) and y.




= 0, the outer expansion

<
]
o
-
=
I

v =1, u = 0, the boundary-layer expansion
v = 2/3, u = 1/3, the intermediate boundary-layer expansion

v =1, u =1, the interior boundary-layer expansion.

ay 52 by 2 32 1

)
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Asymptotic outer expansion

sume that there exists an expansion

m
o, = L U (xy) €",
n=0

that the coefficients Un satisfy the differential equations




L,U, = h(x,y), LU =Ly _,» n=1,2, ..., m

ng Fl the boundary conditions for Un(x,y) are
Uo(x,y)|r = ¥(x,y) and Un(x,y)lr =0, n=1,2,3, ...,
1 1

5 iterative system is solved in an elementary way. It is easily verified

5 the functions

-1 X X _
ra) Uy(x,y) = w[k1y(y)] - J expl - J g(p,y)dpl
Ry (K70 () P

. {n(p,y) + glp,y) w[k;;(y)]} dp,

’ X X _
) | U (x,y) = J_1 - exp[- pJ g(p,y)apl . {1,U . (p,y)}dp,
k(K ()

.sfy both the equations and the boundary conditions. It was assumed that

by < 6 < 2
x = r(6) sin 6 = k1x(e),
vy = r(8) cos 6 = k1y(6),

that. Yol = w(k1x(9),k1y(6)).

Asymptotic boundary-layer expansion

titution of (2.5) with v = 1, y = 0 in the coefficients of equation

) yields the expansions




_ m+1 ,m+1 =
8a) ) = ao(e) + 6631(9) A + € £ am+1(6),
L)
_ m+1 ,m+1 =
8h) N = ho(e) + eEh, (8) + ....uns + € 3 a ,(8),
. _ m+1  m+1 =
8i) ) = py(6) + ekp,(8) + .oonnn. +e & p,08),
. + + —
83) )) = q.(8) + €Eq,(0) + ...... L (8),
0 1 +1
_ m+1  m+1 =
8k) )) = to(e) +ebt (8) + ..ol + € 3 tm*1(6).
.ng the 1s we obtain for the operator Le
2 m+l1 =
M0 + eM1 + € M2 + ... + € Mﬁ+1,
r'(6)p,(6) r'(8)q,(e) 2
- (e? +o(0)r S+
r(e) * o8
. cos6 r'(6) { 9 _
sin 6 - ——R-e—)—— 3E °
introt adary-layer expansion
o1 n
.9) L Vv (£,8) e,
n
n=0
ch tha tisfy the equations
n
.10) =0, MV =- _21 M,V ., n=1,2, ..., m,
1=
m —
MoVmer = - iZ1 M Vn-i ~ MnerVor
reover ons Vn satisfy at Fr the boundary conditions
1) 8) = L0 - Uylky, (8),k, (8)), V,(0,0) = - U, (k, (8) %




there k x(9) and k_ (0) denote the functions

2 2y
x = r(8) sin 6 = k,_(6),
(026 <6,)
y = r(6) cos 6 = kgy(e),
and yple]l = w(kgx(e),kgy(e))-

lhe boundary-layer term has to vanish outside a neighbourhood of Fr' There-

Fore, we have the condition

lim Vn(E,e) =0, n=0,1, ..., m.

E->oo
Ve write the solutions of (2.10), which have exponential decay, as follows

-Ek(6) -Ek(6)

(2.12) Vo (8,8) = AJ(6) e » V (£,8) =4 (£,8) e

n=1, 2, ..., m,

cosd r'(8) // r'(8)p,(0) ) r'(8)q,(8)

k(e) = in 6 -
sin , r(9) r(e)g r(9)

+ t.(6
O( )
Jsing the boundary condition (2.11) we deduce that

AO(O) = yle] - Uo(kzx(e),kzy(e)).

"or a more extensive discussion of this boundary-layer the reader is referred

;o0 [3].

>4, Asymptotic intermediate boundary-layer expansion

‘n this section we consider the case that v = 2/3, u = 1/3. Again the coeffi-

rients a, ..., h are expanded in Taylor series.
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m+1

1/3 r=l
2/3(£,n)+---+€ a(3m+3)/3(i,n),

2/3€ =ao+e

81/3n) /3a

2.13a) ale a1/3(n)+52

b

2

m+1

2/3
h B3me1)/3

>.13h) h(82/3€,61/3n)=h0+e1/3h1/3(n)+€ (E,n)+...+€ (€,n),

1/

2/3

2/3£.s1/3 3p1/3(n)+82/3p2/3(£,n)+...+em* (g,n),

1/

. 1
2.131) p(e P(3m+3)/3

n )=ao+€

3q1 /3(“)"’52/3‘12/3(5 3“)"'- -+€m+1 (gsﬁ) s

) 2/3, _1/3_\_
2.13j) q(e™/7€,e ' ~n)=2b te 9(3m+3)/3

2.13k) t(€2/3£,81/3n)=c0+€1/3t1 2/3¢ | (E,n)+...+e (g,n).

y3(n)+e

2/3 Y (3m+3)/3

c has the expansion

2/3p 4 ...+ T

/3 .

=
n
H

e = To* T, +e 3m+3°

)
1]

C 2, 1-12-(—0—))719-—- 13
0 0 aE2 r(0) 9t ~ r(0) an °

ssuming the existence of an intermediate boundary-layer expansion

3mt+3

2.14) oy = ) Y (g,n) en/3,
n=0

e obtain for Yn(gsn) the equations

n
2.15a) To¥o = 0» Ty = - .21 Ti¥ni ¥ Pao1)/3(En)s

n-= 1, 2, EEE) 3m+23
3m+2 _

2.15b) ToYames = - Ts¥ar 143 = Tamesto * h(3m+2)/3(g’“)'

i=1
n addition the function Yn(g,n) has to satisfy conditions, such that it
s uniquely determined. To the author's idea two different motivations
111 lead to solutions of the same type.

. first argument is that the intermediate boundary-layer expansion has to
iatisfy the following conditions. It matches the outer and the boundary-
.ayer expansion, and has the boundary values w(s1/3n) for £ = 0.
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A second argument differs from the first one as far as the last conditio
concerned. Instead of having a prescribed value for £ = 0 the intermedia
boundéry-layer expansion is assumed to match the interior boundary-layer
expansion.

The matching principle is an important tool in singular perturbation met
This principle is always based on a special class of singular perturbati
problems. We will use the following device for the matching principle in
class of problems.

In the outer expansion (2.6) the local coordinates corresponding to v =

p = 1/3 are substituted and the expansion is reordered. This yields

(2.16) 0y = 0O ey + 3030y 4 2130213 (g oy v
The outer expansion matches the intermediate boundary-layer expansion,

provided that for & = Cne, C >0 and Inl >> 1,

(n/3)

Y (g,n) = U3 (g n).

For this case the limit & = an, n > @ corresponds to the direction of t
line, which connects a. and c., see figures 2. and 3..
The terms U(n/3)(£,n) consist of contributions of all terms Ups Uys oees
of (2.6), '

o3 (g = w3 (g n) + 0l (g n) « e 3,

As a consequence of the matching principle the same expansion will hold
Y (£,n),

(2)

B gn) + e 1)

v (eam) = 1 e,n) + v (e, n) 4

(¢ = Cn° and In| >> 1),
where

(2.17) & (e n) = um/3) (e ny, i = o

n=0,1, 2, ..., 3m3.
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n-3k

t is easily deduced that Yik)(i,n) = 0(n ) for |n| >> 1.

same procedure is applied to obtain a matching condition for the boundary-

ayer expansion (2.9) and the intermediate boundary-layer expansion. The

ocal coordinate corresponding to v = 2/3, u = 1/3 are substituted in expa-

ion (2.9). Reordering of this expansion yields

= /3 {Vé1/3)+V$1/3)+---+V£l<3)} + 92/3'{vé2/3)+v22/3)+ +v;f{3)}+ .

A

e observe that for & = C/n (C>0) and n >> 1 the function Yn(g,v) will
ave the following asymptotic behaviour
r(O)-r2(0) r(O)—rz(O)

R -&n © . -&n (0
OO O GRS

+ + ...

Y =
n

here Yik)(g,n) ~ Yik)(i,n) and Yik)(g,n) = O(nn_3k). The matching condition

s satisfied, if
r(O)-rz(O)

=€n corloi

-~

2.18) Yik)(s,n) e

= Vin/3)(€,n), k

n=1, 2, «c., 3m+3.

0y 15 vuu, mHl,

ccording to the argument first mentioned (2.14) satisfies the condition
- 1/3
y = V(e

ion is made, it appears that we have the condition

n) at the boundary. When a Taylor expansion of this given func-

Y (0,n) = o007 n/m:

or n =0, 1 explicite solutions of Yn satisfying all conditions are avail-
ble.

2.19) Y,(g,n) = ylo]
nd
2.20) Y1(£,n) = R(g,n) {y'[0J+r(0)Q} - nr(0)Q, Q = hy + gyvl0],
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R(g,n) = —eXp(-1/2a€n—1/12Bn3).{wR1+w2R2—w2R3-th}/Y.

© 2
_ Ai'(x) ,. Ynxw
R1(€,n) = OJ Ai(x) Al(x—mwg) e dx,
_ T A (x) . 2 YNXW
RQ(E,H) = OJ ) Al (x-mw“E) e dx,
[T At x) . ynx
R3(€,n) = OJ e A (wx-mwE) e ax,
" aiv( %) 2 .. ynx
Rh(E,n) = J s Al (0 x-mw°E) e ax,
o’ Ai( “x)

Ai(z) is the Airy function and Ai'(z) its derivative,

w = exp(2/3mi), a = (r(O)—rz(O))/(cor(O))
w2 = exp(-2/37i), B = r(O)a2,
m3 = a/(2c0r(0)), Yy = cor(O)mg.

) satisfies the homogeneous equation of (2.15) and has the boundary
R(0O,n) = n.

nark that the matching conditions are satisfied indeed; we verify the

two terms
1em) = v (e,n) = vlo3,
351/3)(£,n) = Y$°)<g,n> = -/n2+25(r(o>-r2(0))‘1 {yrfol+r(0)e} - nr(0)a,
- r(0)-r,(0)
K173 (gny = 19 ,n) exp(_gn-——zggrgy——) = 2n{y'[01+r(0)2}
r(O)—rE(O)
exp{-&n __EE;TET__} .

k: solution (2.20) is based on the results obtained in [2] and [8].




1k

"
14
£=Cvn .
150 fig. 3
1/3 } £=cn® e=¢/n
N> . .
2/5 1 v

.5. Asymptotic interior boundary-layer expansion

‘e consider the local expansion satisfying equation (2.4) in which
ubstituted with u = v = 1. When the coefficients of this equation

xpanded to € we obtain

2.21a) a(eg,en) = a, + ea1(€,n) + ... + 8mam(g;;),
2.21n) h(eg,en) = hy + eh (E,n) + ..... + emhm(g,ﬁ),
2.21i) p(eg,en) = 8y + ep (E,m) + ..., + empm(g{ﬁ),
) _ m oz =
2.21j) a(eg,en) = 2b+ eq (E,n) + ..... + eq (&,n),
2.21k) t(eg,en) = ¢, + et (E,0) + ..... + €t (E,n).

'he differential operator Le is expanded as follows

_ 2 m =
eL8 = KO + sK1 + € K2 + ... + ¢ Km’
K = 8 32 _ 2by 52 ‘e % 15
0~ 2 - .
#(0) an2 r(0) 3&an 0 ag2 r(0) on

'e assume that an expansion exists of the type

m
2.22) by = nZO W (g,n) €,
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at Wn(g,n) satisfies the equations

n
a) KWy = 0, KW =- _Z KW . +h (&,n), n=1,2, ..., n1,
1=1
m-1 _
b) KW = 121 KW . -KW, +n (En),

he boundary conditions
W_(0,n) = »{®)103 n/mt

= 0, 1 we obtain the following solutions

Wy(g,n. = ylol,
W(en) = WM (e,n) - ne(0)e, (2 = nyrguro1)
W e = 2 mjm v oL K1ikr) dp,
u = 1/2i(A;-A2)€,
v = 1/2(A1+A2)£ + r(0)n,
Moo= (“bo:iVQSEE:EE“)/Co’

1(z) is a modified Bessel function. 'l'ne function f1(z) has to be bounded
sntinuous, while f1(0) =0, fi(O) = {Q+y'[0]} r(0). A function that

fies these conditions is f1(z) = f;(O) ze 2,

ly, we study the matching conditions for the interior boundary-layer
sion and the intermediate boundary-layer expansion.
.22) the coordinate corresponding to v = 2/3, u = 1/3 are introduced

at
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- w(°)+s1/3{w(1/3)+W(1/3)+...+w(1/3)}+52/3{w(2’ 3/3)+...+W(2/3)}+ _
N 0 1 2 m 1 m
- n = c&? (C#0) and 0 < £ << 1
Yn(i,n) = Yﬁo)(i,n) + Y£1)(£,n) +) n) + ...
»nstituted an asymptotic expansion for Yn(E,n). 1 :ars that the matct

»ndition is satisfied, if

(k) _ .(n/3)
Yo (Em) = Wi 43k /3

> that Yék)(é,n) = 0(€n°+3k),
ny,=1 for =n=2,5, 8,
n, = 2 for n=1,4,7, ...,
ny, =3 for =n=3, 6, 9,

> remark that indeed

2

(0) _ (1/3) _ £
Y1 (g,n) = W1 (¢yn) = (n + 5;(6735

) {y'[C *(0)} - nor(0).




17

iform asymptotic expansions

Introductory remarks

is chapter we construct an expansion for the solution, which is uni-
y valid in G. In section 3.2 we utilize the results of the matching

d to reorder the local expansions such that we obtain expansions with
ar coefficients. In section 3.3 it is proved that the first three

of a formal composite expansion approximate the solution ¢(x,y;e)

an accuracy O(e).

r we only studied formal local expansions satisfying (2.4) in a neigh-
>0d of A. As we have the intention to construct a uniform approximation
> solution ¢(x,y;e), we need to investigate also local expansions

fying (2.4) in a neighbourhood of the point B.

1 be shown by an analogous analysis that a same type of local expansions

5 near B. In the sequel

3m+3

by = L v 3
n=0

sent the intermediate boundary-layer expansion near A as well as near

y =y, y(B)
n n n

YéA)(E,n) has the form of (2.1Lk). YiB)(E,H) has also such a form with

>cal coordinates £, n given by

x = (r(8)-p) sin 6 + Xps
vy = (r(8)-p) cos 0,
-5 = ;]‘81/3, 5= E€2/3

1e interior boundary-layer expansion and the matching terms a same

»tion has been made.
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he boundary-layer functions Vn(p/s,e) are exponentially increasing in
he left part of domaim G. In order to express these boundary-layer terms
s functions defined in the whole domain G we multiply them with an infi-

itely differentiable smoothing factor K(p/po), which is defined in G as

ollows. ’
utside a neighbourhood of Fr it equals zero, inside a neighbourhood of
L, Ve distinguish three cases for 81/3 <9,0<m - 81/3,

. 020 <1/3p,, whereK(p/py) =1,

1/3 Py <P < 2/3 Poe where K(p/po) is monotinic decreasing from one to

ZEero,

2/3 Po S P < Py, Where K(p/po) = 0.

0

hus we will use in the sequel the following expression for the boundary-

ayer function

Vﬁ(p/e,e) = K(p/py) V (p/€,0).

.2. A formal uniform asymptotic expansion

e summarize the results of the preceeding chapter as- follows,
We have obtained an approximation of the solution, which holds outside
eighbourhoods of the points A and B,
T = n
3.1) o(x,y3e) = L AU (x,3) +V (o/e,0)} e + 2 (x,y3¢).
n m
n=0
n [3] it is proved that Zm(x,y;s) = O(em+1) uniformly in G apart from small
eighbourhoods of A and B.
Near the points A and B we obtained formal local expansions, which we
alled intermediate and interior boundary-layer expansions.
With the aid of matching methods we have derived conditions for the

erms of the expansions mentioned in a. and b..




19

gure 4a we show the domains where a local expansion converges, the
separating these domains are determined by the thickness (in order
gnitude of €) of the boundary-layers, see figure Ub. The values of
of figure Ub correspond with the values of formula (2.5) (see also

u 11T

IT

1/3 }

2/3 1 v
fig. La fig. bb

oy step a formal uniform asymptotic expansion is built up. Expansion

is reordered and the terms U(n/3)(X,y) and Vﬁn/3)(p/s,e), which we

k
red by the matching method, are put forwards in the series

o=+ T+ BT DV,

82/3(U§2/3)+V§2/3)+Uég/3)¥V22/3)+...) +

e(U1-U§‘/3)-U$2/3)¥V1;V$1/3)-V§2/3)+U§3/3)+V£3/3)+...)+..

(2.17) and (2.18) we deduce that Yn(g,n) has the following asymptotic

Llour

Y = U(()n/3)+V(()n/3)+U$n/3)+ggn/3)+U(n/3)+'\;én/3)+_ .

lering these relations we introduce an expansion, which is identical
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y (3.2) in domain I and to (2.14) in domain II.

1.3) 0 = U re 3w, w13y (1/30),203(y o{2/3) §(2/3)) oy (1/3)

+VV

u(2/3) 5 (1/3) -(2/3)+Y U(3/3)-——(3/3) (3/3)_;(3/3))+
1 370 1

nally we are able to construct a formal expansion, which is identical to

3.3) in I and II and to the interior boundary-layer expansion (2.22) in

) 6= 0T e 3r o131/

€(U1-U$1/3) (2/3)+V V(1/3) (2/3)

2/31y _yl2/3)_ (2/3)

+Y - U(3/3) (3/3) (3/3) _

Y+e

V$3/3)+w1-w§1/3)—w$2/3))+

pansion (3.4) has all properties desired for the function ¢(x,y;e), such
. exponential decay near the boundary . and an "Airy-function" behaviour
:ar A and B, which forms a link between the interior solution expressed

. modified Bessel functions and the solution outside neighbourhoods of A
d B.

wever, so far we did not prove that a final number of terms of (3.k4)
proximates the function ¢(x,y;e) (satisfying (2.1) and (2.2)) with some

curacy in e. This problem is investigates in section 3.3.

3. Application of the maximum principle

. this section we prove that

5) =uU +Vo+e1/3(Y U(()1/3) (1/3))+€2/3(Y U(2/3) (()2/3))+
(¥, 5(1/3)_ (2/3)+Y3-Ué3/3)-Vé3/3)-V$3/3))+z,

ere Z(x,y;e) = 0(e), is uniformly valid in G. For that purpose a theorem

Eckhaus and De Jager [3] is reproduced, which is an application of the
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mm principle. The reader will notice that in approximation (3.5) only
> terms of the order 0(e) of (3.4) are used, which will let cancel out

singularities in LeZ'

‘em

»(x,y3e) be the solution of the boundary value problem
L ¢ = h_(x,y;¢€)

l in a bounded domain G with
¢olp = v (x,y3e)

{ the boundary T of G. If

hg(x,y;e) 0(e*) in G, a >0,

O(EB) along I', B > 0,

¢€(X,Y;€)

(Emin(a,B)) -

at most ¢ (x,y3;e) =0 in G.

()

itution of (3.5) in (2.1) yields

LZ = - [g(L2U0+M2VO+M1V1+T3Y1+T2Y2+T1Y3)+

h0+h1e+1/2h9992+hp°'LE{€1/3(Ué1/3)+vé1/3)*Vg1/3))+

52/3(U82/3)+V82/3)+V22/3))+€(Ué3/3)+vé3/3)¥vs3/3))}]’

wver it follows from (3.5) that

z| . = 0(e).

r

ight-hand side of (3.6) contains singular terms, but it will appear




22

lat all these singularities cancel out. Our aim i rove t t-
dn side is of the order O(e) in G. This was prov [3] fo

lere neighbourhoods of A and B are excluded, see m 3.2.

. [3] intermediate boundary-layer terms were not tin t tion

' the solution.

le following properties of the local expansion te 11 be r
» prove that for (3.6)

Le(Z) = 0(e)

1ds uniformly in G.

The expressions

K, = 63(Y1-Ué1/3);Vé1/3);V$1/3)),
K, = Eé(yz_ué2/3);§é2/3);vg2/3)),
K, = T, (r,- 033§/ 5(3/3)
e bounded in G, so a number M independent of € e such

,X{|K1I3IK2| :|K3|} .<.. M.
In the appendix we prove that

2
h +h1e+1/2heee +hpp+

0

(e7'/3

. 1/3T2)e1/3(Ué1/3)+Vé1/ /3)y,

otTqte

(e~1/3 2/3(U82/3)+"\7(2/3)+V$2/

0
(3/3) ,=(3/3) ,=(3/3)\_
(Uo +, +V, )=

TO+T1)s

Slng{LzUo} + Slng{MZVO} + Slng{M1V1
N 1 -
0(e”) for 1/3p, < p < 2/3py, € » 8 <

arbit

ere Z

0 elsewhere in G.

0N
]
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.S(x,y3€)} denotes the singular terms of a development of S(x,y;e)

A (and B). In the appéndix we show that a part of the derivatives of
iatching terms cancels the singular terms of the outer expansion and
joundary-layer expansion. Another part cancels the terms of the inter-
ite boundary-layer expansion. The contribution to the right-hand side

3.6) comes from the regular parts of LyUps MV, M)V, and from K., K,

[3. So indeed we have that LZ = 0(e) in G.
'ing the theorem just mentioned we conclude that Z(x,y3e) = 0(¢e)
rmly in G.




2k

Jigher order tangency

. Introductory remarks

appears that the order of tangency in the points A and B also determines
composition of the approximation, which is uniformly valid in G. There-
2, we study this tangency in detail. In a neighbourhood of A the coordi-

ss of the boundary x = r(8) sin 6, y = r(6) cos 6 are expanded

(0)
x = r(0)6 + <r§! - r;?)) 03+ ...,
(0) r.(0)

_x0)y g2, 73 3

I‘
r(0) + (-5 2! M T

q
I

rh(o) r2(0)
T T e T

r(O)) 87 + ...

far we have considered the case r(0) > r2(0), which agrees with the

ation

x = r(0) N 75—~ Vr(0)-y + 0o((r(0)-y))

r(O)

ween the coordinates of the boundary near A (see also Vi$ik and Lynsternik

).

m now on we also consider the case, where the tangency of the characteris-

of L, to the boundary in A is of higher order.

_ , 2 3 4 5
y = r(0) = k8" - k3e - k6 - kse - e,

k, =k, = ... = k2n—1 =0, k2n > 0, then the tangency is of the order
1. This leads to the following relation between the coordinates of the

ndary near A

1
2n T
= x(0) \ K5 (x(0)-n)** .
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nalogous argument holds for B.

Local solutions

Jmparison with the local expansions given in chapter 2 we will meet an
rtant difference with the expansions in this chapter, i.e. the inter-
ate boundary-layer.

5, the intermediate boundary-layer arises for other values of v and
1d secondly, this equation (and therefore also the local expansion) is
srent. Thus, the intermediate boundary-layer is determined by the order
ingency.

[vn,un) be the point in the v,p-plane corresponding to transformation

), which leads to the intermediate boundary-layer equation.
u
lifferential operator e nLE is expanded as follows

u u 2u
n. _ (n) n.(n) (n)
€ L€ = To + € T1 + € nT2 + oaee,
- + -
T(n) - . 82 3vptin 2 + Eun ’n xn) _ 1 3
0 -0 3g2 0 r(0) an °

n)

ke 1-2\)n + Moo= 0, so that the first and third term of T( are of the

0
order of magnitude in e.

is the first term of the expanded operator

u u
r'(ne ?) cosne ©
u v
n
r(ne ) - ge

u
n 9
) 3T -

- sin(ne
n

mputed for the (2n-1)th order of tangency the following expression for

(2n-1)u
X(n) =k n2n—1 € oo
0 2n 9

U =V
erm € oo Xén)

is of the order 0(1), if womv + (2n—1)un = 0. Since

so have the condition 1-2vn +ou 0, we obtain for Vo My the values

v = 2h_ 1
n Ln-1°? Pa T Tp1
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. t .
rresponding to the (2n-1) b order of tangency. A diagram can be made as
figure 2. When these diagrams are brought on one figure (fig. 5), we

serve that

lim (v ,u)) = (1/2,0),

n->ro
in order to match the intermediate boundary-layer and the outer ex-
2n
n R lnl >> 1,

in order to match the intermediate boundary-layer and the boudary-

nsion we have to introduce the limit £ = C

yer expansion we have to introduce the limit & = C/n2n_1, n > 1.
u
1
p1 L fig. 5
M2
0 1/2 Vo V4 1 v

_the point (v,u) = (1/2,0) the intermediate boundary-layer equation

.generates to a parabolic equation

1 5 Ny -n

€0 2 " r(0) an ~ &) 1~ Yo
og

. is easily deduced that this parabolic equation forms a local represen-

tion of a parabolic boundary-layer equation, which is obtained from (2.1

1/2

- stretching the y-coordinate, y = r(0) - Epe , and letting € tend to

ro (see figure 6).
2

QL

-1 ax,r(0)) ¥, = Bler(0)).

<;(x,r(0))
X3

Lol
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fig. 6

ming to finite n we assume that an intermediate boundary-lay

s of the type

(n) + sgunY(n) +

= Y(n) + eunY
0 ) 5 oo .

Oy

'k

as in the case of first order tangency a particular solution
,enuous intermediate boundary-layer equation is available. Fo

. = 2 we have

Ai(x—m£+32(n)) . exp[-1/2agn+ynx+t2(n)],
sz(n) = 1/2.k2n2 - 1/hmkhnh,
t,(n) = (1/4k,0+1/128) 03 - 1/8akhn5.

the aid of this particular solution we can determine Yin), s

tisfies all conditions.

Uniformly valid approximations

he order of tangency in A be 2nA—1 and in B 2nB-1. Following

analyse the remainder term Z(x,y;e) of

ansion

ple

at

er




po o (n,) (uy) () opy (ng) (ug) _(wg)
re A{g1 Ay, A , Ayre By, oy, B , By .
(n,) (2u,) _(2u,) 2u 1-u, (n,) (1=u,) _(1=u,)
A’ A A B A DA A A
Y2 —UO —V0 }+e +...+€ {Y—1+1/uA_UO —V0 } o+
(ny) (1-ugy) _(1-p3) (u,) (1-u,) _(ug) (1-uy)
B B’ =''"VB = =‘Ma —\THp/ Mg —\!-¥p
{Y-1+1/uB'U0 -VO }+e{V1-V1 o=V, -v1 ...-V1 +

o /u) (/) (g /uy) (ng) (e /ug) _(up/ug) _(ug/ug)
v, AFA 7, A'PA , A""A +Y1/ﬁB'U0 B/'B , B'V'B &) /YRy L 4.

that Z = 0(e) uniformly in G is analogous to the proof in the case
rst order of tangency. We emphasize that an estimate of the remain-
of a truncated uniformly valid expansion of the solution can only
ed by application of the maximum principle, if the last term of the
. expansion contains an entire power of e. In this last term the

ijon from the interior boundary-layer expansion can be omitted.

wing statement is a consequence of the foregoing.

der of tangency in A is (2nA—1) and in B (2nB—1), then

b=U. +V,.+0

o Yo €

min(—1— ! )
(, hnA—1’EnB—1 >

min(——1—— 1
hnA’hnB )

- in G. In [6] the remainder term is estimated O (s
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pendix

is appendix we prove that

2
ho + h1e + 1/2heee + hpp +

(8-1/3TO+T1+€1/3T2) €1/3(Ué1/3)+Vé1/3)¥V$1/3)) +

(7 /3nan) 2/3(u(R3)T2/3) (23

(V3 ) c(@l3/3T(3/3,7(313))

Slng{LZUO} + Slng{Mgvo} + Slng{M1V1} + 7,
Z = O(EN) for 1/300 <p < 2/300, 81/3< 6, 6 < T - 81/3 and N arbitrary
. Sing{S(x,y;e)} denotes the singular terms of a development of

;€) near A (and B), see section 3.3.

e we prove this relation, some differential operators are introduced.
= 062 (c#0) and 68 = 0(c"/3) then the operators S, and S, of (2.4) are
ded as follows

2

n
11
=
+
=9)
+
=
+
2]
+

=
1l

10° " [rZO) %€'+ (f%ég; - 1) o gﬁ}’ Rip 5 - [Zizgi o° %E * gé}’
127 [{ 2;20) (1 * riiﬁ;) o + r(z)e}' %6'+

(0) (0) (0) (0)
+'{rh "2 (1 + i + %) 63 + i pe} L. g16],

j=s}
1"

6r(0) ~ 2r(0) r(0)

2 . —2b0 a2 r2(0) : 2

02 Fa1 % 7(0) 3038 * %P0 (1 = 71 (0) )e 302

=y]

"

0
[+5)

20
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&y 5° 2,7, (0) ao'°o>
R = R i - 5]
22 r(0)2 562 < r(0)2 r(0)

2r (0)(a.-c . )+r_(0)b
2 0" 0’7 73'"" 0

- r(0) * (ao'coﬁ

(abrz(o) ao+r(0)dO ;> 2

+ (0)2 -7 r(0) " %/ o

£ = /6 (C*0 and p=t£e) and 8 = 0(e'/3) tn

rators M. i=0,1, ... are expanded as f
MO = POO + P01 + P02 + .
My S P+ Ppp Pt ees
M, =P..+P,.+P_,+ .

re
2 r (0)

3 2 5 _
RO < r(0) ~ 1) ®3 > Fo1 7 %o
a0r2(0)2 2r2(0)(a0-c0);|-r3(0)bO
) = < - + (8

, +(0)2 r(0)
r,(0) r,(0) 1 39
~ 2r(0) 6 * r(0)> *el e e Fuo
s - EEQ— —QE— -8 P = 2{:3932&81 - EQ
r(0) 23£936 0> " 12 r(0)2 Y
{%%m)_%HWNO_e}L+ 1
r(0)2 r(0) of o¢ 2r(0)
_ _ G £ 3
) = P21 = 0, P = > 'é'e_ .

227 )2 362 (0)

is readily established that between these

;ermediate boundary-layer operators Ti the

(0)°
, { <aor2 -
r(0)

cp 'éi— +
p ap2

boundary-layer equation

2(o)> . 52 i r3(0) 22
r(0) ag2 2r(0) 3
92 32_. - { rh(O) +
BE2 6r(0)

1 3
'(0) 36 °
2 2
) d
) ——3£39 + cgg B—EE +
.2(0)> 23 r2(0) o 2
r(0) 96 r(0)2 3

;or expansions and the

7ing relations exist:
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) = 5'2/3(P00+3P +e?p_ ),

_ 1/3
= +
Ty = € "T(Ryy*eR 107 T2o

20

=]
I

- 273 - =1/3 2
= € (R11+€R21) = g (P01+€P11+E P21),

H
|
™

2
(R12+€R ) (P02+eP +€°P_ ).

12 22

]

22
8,0, = h(p,6), we have for p and 6 sufficiently small the relation

(2/3),..) =

(R, +R, . +R_+...) (wo+U(()1/3)+UO

10 711 712

2
ho + h16 + 1/2heee + hpp + ...

lzation of terms of a same order of magnitude yields

Rig¥o = 0
1/3,.(1/3) _
Ri1¥o™R108 " g =h,
1/3..(1/3) 2/3..(2/3) _
Rio¥o*Ryie Uy TR 0E Y = hy0
1/3 2/3,.(2/3) (3/3) _ 2
l13w0+R128 w0+R11s QO +R1O€UO = 1/2heee +hpp
+
, . 1/3.(1/3) ., 2/3.(2/3) (3/3) _
Rig*Ry*R1p*R IUH(R R (#Ry 5 )e 1700 T (R R )€™ S0 TR (e U =
L +h,0+ 1/2h 6% + h p.
0 1 66 p

rously, because MOVO = 0 and M'OV1 + M1V1 = 0, we have the relations

(Poo+Po1+P02)€1/3Vé1/3)+(Poo+Po1)62/3V82/3)+P005Vé3/3)= 0

(POO+P01+P02)9_2/3V$1/3)+(POO+P01)5_1/3V$2/3)+P00V$3/3) +

(P, +P, +P )51/3V(1/3)+(P10+P )52/3Vé2/3)+P105Vé3/3)

1712 0 = 0.

11

ae (A1), (A2) and (A3) are utilized in order to show that
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2
0 + 6~ + +
hO + h1 1/2hee hpD

1/30 e 1/3g1/3),501/3),5(173)y
0 0 1

-1/3
(e TO+T1+€ T2)s

(5-1/3T +T1)52/3(U82/3)+V(2/3)¥Vg2/3)) +

0] 0
(e_1/3T0)€(Ué3/3)¥vé3/3)¥vg3/3)) =

(R20+R21+R22)€1/3Uc()1/3)+(R20+R21)52/3Uc()2/3)+R20€U(()3/3) .

(P20+P21+P22)eh/37é1/3)+(P20+P21)e5/3V82/3)+P20s2783/3) +

1/3=(1/3) 2/3=(2/3) =(3/3)
(P o*P (¥R p)E TV T (P FP  JETTTV TR, (Y + 2,
7 = O(EN) for 1/3py < o < 2/3045 51/3 <9,0<m- 51/3,
Z =0 elséwhere in G.

1d side of (A4) cancels the singular terms of L,Ugs ﬂéﬁo and
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